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The LIGO/Virgo collaboration have by now detected the mergers of ten black hole binaries via the
emission of gravitational radiation. The hypothesis that these black holes have formed during the
cosmic QCD epoch and make up all of the cosmic dark matter, has been rejected by many authors
reasoning that, among other constraints, primordial black hole (PBH) dark matter would lead to
orders of magnitude larger merger rates than observed. We revisit the calculation of the present
PBH merger rate. Solar mass PBHs form clusters at fairly high redshifts, which evaporate at lower
redshifts. We consider in detail the evolution of binary properties in such clusters due to three-body
interactions between the two PBH binary members and a third by-passing PBH, for the first time, by
full numerical integration. A Monte-Carlo analysis shows that formerly predicted merger rates are
reduced by orders of magnitude due to such interactions. The natural prediction of PBH dark matter
formed during the QCD epoch yields a pronounced peak around 1M⊙ with a small mass fraction
of PBHs on a shoulder around 30M⊙, dictated by the well-determined equation of state during the
QCD epoch. We employ this fact to make a tentative prediction of the merger rate of ∼ 30M⊙
PBH binaries, and find it very close to that determined by LIGO/Virgo. Furthermore we show that
current LIGO/Virgo limits on the existence of ∼ M⊙ binaries do not exclude QCD PBHs to make
up all of the cosmic dark matter. Neither do constraints on QCD PBHs from microlensing, the
stochastic gravitational background, pre-recombination accretion, or dwarf galaxies pose a problem.
We caution, however, in this numerically challenging problem some possibly relevant effects could
not be treated, and merger rates are still somewhat uncertain.
Five years ago the decades-long efforts of the LIGO
collaboration have taken fruit and led to the first unam-
biguous detection [1] of the gravitational wave signal of
an inspiraling massive black hole binary. Since this piv-
otal moment a larger number of further binary coales-
cence have been observed partially in collaboration with
Virgo [2]. Currently there are 66 detections of which
11 have been analysed. It came somewhat as a surprise
that most of these binaries were made of fairly massive
∼ 30M⊙ black holes. As star formation scenarios do
not necessarily predict this, the theoretical community
pondered the question if these black holes could be pri-
mordial and constitute the dark matter.
It has been known for long that mildly non-linear, hori-
zon size overdensities could collapse and form an event
horizon, i.e. a primordial black hole (PBH, hereafter) [3–
5]. When such collapse occurs during radiation domina-
tion in the early Universe, the dynamics is character-
ized by a competition between self-gravity and pressure
forces [6, 7], and observes the physics of critical phenom-
ena [8–10]. When pre-existing energy density perturba-
tions, such as believed to emerge from inflationary sce-
narios, are feature-less and almost scale-invariant, as ob-
served in CMBR satellite missions, the equation of state
during the PBH formation epoch plays a crucial role. It
has been argued [6, 7] that PBH formation during the
QCD epoch would be particularly efficient due to a soft-
ening of the equation of state. At the time of this re-
alization, the QCD phase transition was believed to be
of first order. Fully general relativistic numerical sim-
ulations of PBH formation confirmed that PBHs form
more easily during the QCD epoch [11], leading to a pro-
nounced peak of PBHs on the ∼ 1M⊙ scale. Though the
simulations were performed under the assumption of a
first order transition, it was argued in Ref. [6], that any
softening of the equation state, as for example during
higher order transitions, or annihilation phases, such as
the e+e− annihilation, would lead to a preferred scale in
the PBHmass function. In the case of the latter this mass
scale is around ∼ 105 − 106M⊙. With the advancements
of lattice gauge simulations it was possible to derive the
zero chemical potential QCD equation of state with high
precision [12, 13]. This equation of state, was recently
used in approximate analytic calculations to derive the
putative PBH mass function [14–16]. This mass function
indeed has a very well developed peak at M ≈ 1M⊙ and
broader shoulder around M ∼ 30M⊙. It is tantalizing
that this second scale is close to the inferred BH binary
masses by the Ligo/Virgo collaboration.
There is a whole suite of observational constraints on
the abundances of PBHs in the solar mass range, in-
cluding the MACHO/Eros Milky Way microlensing con-
straints [17, 18], constraints from the CMBR due to PBH
accretion [19–23], dynamical constraints, such as con-
straints from the abundances of wide stellar binaries in
the galactic halo [24–26], constraints from dwarf galax-
ies [27, 28] (cf. Ref. [29] for a review). These constraints
have been recently amended by limits on the PBH mass
fraction contributing to dark matter, due to the observed
BH binary coalescence rates form LIGO/Virgo data and
from the non-observation of a gravitational stochastic
wave background due to PBH mergers [30–39]. The ver-
dict of the community [37, 40–45] is that solar mass
PBHs can not constitute the bulk of the dark matter,
mostly because they would greatly surpass the observed
LIGO/Virgo rates.
2In this letter, we show that this conclusion is with high
likelihood incorrect, we believe that QCD formed PBHs
may very well constitute all of the dark matter. The
findings of this paper, should stimulate intense research
on a numerically difficult problem. Limits imposed from
the coalescing rate rely on the correctness of the PBH
binary semi-major and eccentricity distribution. The ini-
tial distribution has been first calculated in Ref. [46, 47]
subsequently re-calculated by several authors [40, 42, 43],
and it’s subsequent evolution has been deemed to be too
unimportant [37, 41–45] to circumvent LIGO/Virgo con-
straints. We will show that this distribution, in fact,
dramatically evolves between the first formation of bina-
ries and the present day, allowing for consistency with
current data.
PBH dark matter has the characteristics of perfect cold
dark matter on large scales, however, there are two im-
portant differences when compared to particle cold dark
matter. First, PBH dark matter is formed infinitely cold
as any peculiar motions of density fluctuations should
have inflated away during inflation. When binaries then
form from such initial conditions, the distribution func-
tion P (a, e) of binary semi-major axis a and eccentricity
e is highly peaked at e ≈ 1, reflecting very radial or-
bits. The binary coalescence time, due to the emission of
gravitational waves is given by
tgw =
3
170
1
(GMbh)3
a4
(
1− e2)7/2 (1)
and becomes very short when e approaches unity. Any
perturbation of the binary would be expected to typically
lower e, to get to a more equilibrated, unpeaked steady
state in P (a, e). This in turn drastically increases tgw [43,
48]. We will show that simple three-body interactions
between the two binary members and a third PBH indeed
have this effect.
The second difference to particle dark matter pertains
to the granularity of PBH dark matter. As individ-
ual dark matter particles are fairly massive, PBH dark
matter has an additional isocurvature density fluctuation
component on small scales simply due to small-number
statistics and the associated Poisson noise, i.e the fluc-
tuations of the number of PBHs in a given volume con-
taining N PBHs on average, is δ(N) = ∆N/N = 1/
√
N .
Those isocurvature fluctuations lead to the early forma-
tion of PBH clusters at redshifts as high as∼ 1000. These
clusters have been observed in numerical simulations of
PBH structure formation [43, 48, 49] (see also [50, 51]).
Their properties are given in the Supplemental Material
(SM, hereafter) and in Table 1. It is well known (cf.
Ref. [52]) that dense clusters with a moderate number of
cluster members Ncl are unstable towards complete evap-
oration over the life-time of the Universe. Small clusters
are therefore only of temporary existence between the
initial collapse redshift zcoll and the evaporation redshift
zevap, both shown in Table 1.
We have considered three-body interactions in these
cluster environments. Since vclth ≪ vintb , where vclth is
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FIG. 1. Scatter plots of a Monte Carlo simulation of 2× 104
evolutions of binary properties due to three-body interactions
in a cluster with Ncl = 100 and Mpbh = M⊙. Each point
shows the final semi-major axis af versus the initial ai (upper
panel), the final eccentricity parameter κf = (1− e
2
f ), where
e is eccentricity, versus the initial κi (middle panel), and the
final merging time tfgw versus the initial t
i
gw (lower panel).
The three lines ai = af , κi = κf , and t
i
gw = t
f
gw are shown to
guide the eye.
3the virial cluster velocity and vintb is the internal binary
velocity, we may not use the impact approximation to
derive analytic results, but rather have to resort to full
numerical computations (cf. SM section for details of the
computation). One example scattering event is shown in
the SM section and illustrates the complexity of such
scatterings. We have performed Monte-Carlo (hereafter
MC) simulations of the effects of three-body scatterings
on pre-existing binary properties due to their presence in
PBH clusters. The initial binary properties were taken
from the distribution calculated in Ref. [40, 46]. The MC
simulation considers the 10 most important scattering
events, where importance is gauged by the smallness of
the impact parameter z. The simulation assumes Ncl =
100 and Mpbh = M⊙, however, results for Ncl = 10 and
Ncl = 1300 are very similar. Results are shown in Figure
2.
The figure illustrates the following effects. All hard bi-
naries, i.e. binaries with a<∼10
−3pc are getting harder due
to three-body interactions, consistent with the Heggie-
Hills conjecture [53, 54]. Eccentricities are drastically
lowered due to scatterings. For example, most of the bi-
naries with κi ∼ 10−4, corresponding to eccentricities
ei ∼ 0.99995 are scattered to values κf>∼10−2, corre-
sponding to ef < 0.995. Here κ is defined as κ = (1−e2).
By this effect tgw increases by a factor > 10
7. It is seen
from the lowest panel in Fig.2 that most binaries with
tgw
<
∼10
13Gyr get scattered to tgw
>
∼10
13Gyr. This is likely
due to an equilibration of binary properties due to the
complexity of multiple binary-perturber interactions as
the one shown in the SM section. Fig. 2 illustrates that
any conclusion of limits on PBH dark matter relying on
the distributions computed in Ref. [40, 46] is highly sus-
pect. Many authors [14, 32, 33, 35, 41, 42, 44, 45, 55]
have used this distribution to draw conclusions.
Due to PBH three-body interactions, i.e. close encoun-
ters of binaries with single PBHs, many of the binaries do
get destroyed. Table 1 lists the fraction of binaries which
get destroyed in PBH clusters. It also lists the fraction
of PBHs which stay in the cluster after destruction. We
observe in our MC simulations that only the wider bina-
ries get destroyed, with the hard binaries staying intact.
It is also observed that a large fraction of the binaries
stay in the cluster (more comments in SM).
We have computed the evolution of the probability per
unit time that a binary merges at time t, i.e. dPt(t)/dt
(cf. Eq.(13) of Ref. [40]). The problem is numerically
very challenging because one needs to obtain the statis-
tics of tails, where already a single scattering is difficult
to calculate due to the mismatch of time scales, τb ≪ τcl,
where τb is the binary orbital period and τcl is the typical
PBH cluster crossing time. The tail one is interested in
are the very few evolutions where a binary gets scattered
into, or stays at, the small coalescence time t0 ≈ 14Gyr,
the current cosmological time. We were not able to solve
the complete problem, due to numerical restrictions, but
only computed the evolution of dPt(t)/dt for all PBH bi-
naries having ti < 100Gyr. Results are shown in Fig. 2.
10-8
10-7
10-6
10-5
10-4
10-3
10-3 10-2 10-1 100 101 102
t P
t(t)
t (Gyr)
FIG. 2. The fraction of PBH binaries t dPt(t)/dt which merge
at time t, for all binaries having ti < 100Gyr. Initial distri-
bution (pink) [40, 46] and final distributions after processing
between τform and τevap in Ncl = 10 (green), Ncl = 100
(blue), and Ncl = 1300 (orange) clusters are shown. The
total t dPt(t)/dt after successive membership in Ncl = 10,
Ncl = 100, and Ncl = 1300 clusters is shown by the red line.
It is seen that dPt(t)/dt at t = 14Gyr is reduced by a factor
∼ 3× 10−5 with respect to it’s initial value. (cf. SM section
for additional details).
Shown is the change of t dPt(t)/dt from it’s initial value
due to evolution in Ncl = 10, 100 and 1300 clusters, dur-
ing the time interval τform(Ncl) and τevap(Ncl). It is im-
portant to realize that in the spirit of hierarchical struc-
ture formation, Ncl = 10 clusters will at lower redshifts
be incorporated in Ncl = 100 clusters, which in turn, at
even lower redshift will become part of a Ncl = 1300 clus-
ter. Binaries which had been ejected or evaporated from
a smaller cluster will quickly thermalize by three-body
interactions in the larger cluster, and may not escape the
potential well of the larger cluster, unless they get ejected
again by another catastrophic collision. It is therefore
that the total reduction of dPt(t)/dt is multiplicative,
being the product of reduction rates in all three different
size cluster environments. (cf. SM section). The total
t dPt(t)/dt is shown by the solid line, illustrating a total
factor ∼ 3 × 10−5 reduction at t0 ≈ 14Gyr. This reduc-
tion may be directly applied to the observed merger rates
as those are given byM = navgpbhdPt(t0)/dt, with navgpbh the
average present day cosmic PBH number density.
When taking a scenario of PBHs formed during the
QCD epoch in it’s most natural form, i.e. without any
pre-tuned peak of inflationary perturbations on a par-
ticular scale, but only taking into account effects of the
softening of the equation of state [6, 7], most PBHs form
on theM⊙ scale, whereas only a mass fraction of ∼ 10−2
form on the larger ∼ 30M⊙ scale [14–16]. This estimate
assumes Gaussian statistics. In this case the relevant lim-
its on PBH dark matter from LIGO/Virgo come from two
LIGO/Virgo analysis, limits onM⊙ PBH dark matter by
the non-observation of solar mass PBH binaries [55] and
4fd fbcl fbej fdcl zform zevap ncl (1/pc
3) vcl (km/s) Rcl (pc)
Ncl = 10 0.74 0.23 0.02 0.97 1200 165 9500 0.76 0.063
Ncl = 100 0.78 0.21 0.005 0.97 320 15 190 0.93 0.50
Ncl = 1300 0.81 0.18 0.003 0.98 85 0 3.6 1.1 4.4
TABLE I. Shown as a function of the number Ncl of PBHs in the cluster, assuming Mpbh = 1M⊙, are the fraction of PBH
binaries which are destroyed by three-body interactions fd, the fraction of binaries which stay binary and stay in the cluster
fbcl,the fraction of PBH binaries which stay binary and are ejected from the cluster fbej , the fraction of PBHs which after
binary disruption stay in the cluster fdcl, the formation redshift of the cluster, the evaporation redshift of the cluster, the
cluster density, the cluster virial velocity, and the cluster radius.
the estimated merger rate of BH-BH binaries on larger
mass scales [2, 56]. Using the main result of this paper
given in Fig. 2, we may compute the expected merger
rates of pre-existing ∼M⊙ PBHs binaries to beMM⊙ ≈
40Gpc−3yr−1, to be compared to the LIGO/Virgo im-
posed upper limit ofM<M⊙ ≈ 5.2× 103Gpc−3yr−1 [55].
In fact, pre-existing binary properties get so efficiently
modified by collisions in clusters, that the total merging
rate is dominated by merging of single PBHs colliding
at very low impact parameter [30, 32, 57] in present-
day clusters (cf. SM section). We derive a rate of
MdM⊙ ≈ 640Gpc−3yr−1 for Ncl = 1300 clusters and
MdM⊙ ≈ 160Gpc−3yr−1 for Ncl = 3000 clusters, well be-
low the LIGO/Virgo limit. Estimating M30M⊙ is a bit
more tricky, as not even the initial distribution is known
yet, and the evolution of dPt(t)/dt again is rendered nu-
merically unfeasible due to the small number 3× 10−4 of
∼ 30M⊙ per solar mass PBH. Obviously the evolution
of dPt(t)/dt of ∼ 30M⊙ PBHs has to take into account
the evolution of many more solar mass black holes. It
would be expected that scatterings of 30M⊙ PBHs on
M⊙−M⊙ or 30M⊙−M⊙ binaries may typically lead to
the exchange of the lighter black hole by the heavier one.
This may well be the most important contribution to the
abundance of 30M⊙ − 30M⊙ binaries. In any case, for
a tentative estimate, we assume here that as with M⊙
PBHs the contribution of pre-existing binaries is negligi-
ble. When considering the direct merger rate in present
day clusters, one has to take into account that ∼ 30M⊙
sink to the center of the cluster. We estimate a merger
rate ofMd30M⊙ ≈ 12−150Gpc−3yr−1 (cf. SM section for
details) to be compared to the by LIGO/Virgo inferred
rate of 53.2+58.5
−28.8Gpc
−3yr−1 [56] at 90% confidence level.
These results are rather promising. However, we cau-
tion that we were not able to include many relevant ef-
fects into the calculations. A question of utmost im-
portance, is which fraction of PBHs never enter into a
cluster. Leaning on results of CDM simulations [58], this
fraction could be rather small, but this has to be firmly
established. In addition PBHs start infinitely cold which
further could reduce this fraction compared to cold dark
matter. Further important effects are, the neglected scat-
tering of ti ≫ 10Gyr binaries into the tf ≈ 10Gyr band,
which could dominate destruction, as there are many
more (i.e. ∼ 100) ti >∼ 10Gyr binaries than ti <∼ 10Gyr,
the shrinking of clusters due to binary destruction, and
the role of core collapse of clusters [44]. Finally, the in-
clusion of heavy PBHs into the sea of light ones could
also be of some importance. A complete treatment of
this problem is currently not straightforward due to a hi-
erarchy of time scales τb ≪ τcl ≪ τH , all of which need
to be resolved, where τH is the Hubble scale. This may
only be achieved, if at all, by elaborate adaptive mesh
techniques.
It is somewhat unfortunate, that the stellar mass scale
and that for QCD era produced PBH dark matter are
essentially the same. This fact leads one to easily dis-
miss a potential discovery of dark matter, by attribut-
ing such observations to particularities of star forma-
tion. After all, we know stars exist. On the other hand,
it is fortunate since gravitational wave detectors opti-
mized to observe binaries on the stellar scale, become at
the same time exquisite detectors for PBH dark matter
formed during the QCD epoch. In case LIGO/Virgo (in
combination with optical observations) detect only one
binary including a sub-Chandrasekar mass black hole,
MBH
<
∼1.4M⊙, or in a weaker version, one binary in-
cluding a BH of mass in the by star formation forbid-
den gap 2M⊙
<
∼MBH
<
∼5M⊙, the existence of PBH dark
matter may have been established.
In summary, the hypothesis that PBHs in the solar
mass range make up the entirety of the dark matter had
been seemingly ruled out by a number of observational
constraints. However, taking our study at face value,
even given the inherent uncertainties, the following state-
ments can be made
• Current observational constraints from the merger
rates of ∼M⊙ PBHs are evaded due to PBH colli-
sions in clusters studied here.
• Similarly, observational constraints from the
stochastic gravitational wave background due to
PBH mergers are evaded by the effect studied here.
• Observational constraints from microlensing exper-
iments should be evaded by the fact that most
PBHs are in tight clusters [59]
• Observational constraints from the CMBR due to
accretion or the dynamics of dwarf galaxies are
evaded if only a small fraction of the dark mat-
ter is in ∼ 30M⊙ PBHs, as naturally predicted by
the QCD equation of state.
5• The tentative estimate of the merger rate of
∼ 30M⊙ PBHs is close to that observed by
LIGO/Virgo.
• The mass scale of ∼ 30M⊙ PBHs is predicted by
the QCD equation of state.
We believe that the possibility that LIGO/Virgo has de-
tected the dark matter should be taken seriously, and
demands further scrutiny.
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Appendix A: Supplemental Material
Properties of the PBH clusters: Following Ref. [48] the
growth factor of isocurvature perturbations is given by
D(a) ≈
(
1 +
3
2
a
aeq
)
(A1)
where a is scale factor and eq denotes matter-radiation
equality. Assuming a spherical top hat collapse model,
we may require D(a)δ(N) ≈ 1.68 to determine the col-
lapse redshift acoll. In this model the final cluster density
is given by ρcl ≈ 178〈ρDM〉(acoll) where 〈ρDM 〉 is the av-
erage dark matter density. These relations allow us to
determine the PBH number density in clusters
ncl ≈ 1.6× 105 1
pc3
(
Mpbh
M⊙
)−1
N
−3/2
cl (A2)
and their virial velocity
vcl ≈ 0.60km
s
(
Mpbh
M⊙
)1/3
N
1/12
cl (A3)
as a function of the number of PBHs in the cluster Ncl
and PBH mass Mpbh. The approximate time scale for
complete evaporation (up to a last remaining binary) of
PBH clusters may be estimated [52] by
tevap ≈ 140trelax ≈ 14 Ncl
lnNcl
tcross (A4)
where trelax is the cluster relaxing time and tcross ≈
Rcl/vcl is the cluster crossing time. Here Rcl can be
determined by the relation (4pi/3)nclR
3
cl = Ncl.
Monte-Carlo simulations: A three-body scattering
event is characterized by a variety of parameters, bi-
nary member massesMb1,Mb2 perturber massMp, semi-
major axis a, eccentricity e, two inclination angles of the
binary plane θ and φ with respect to the perturber veloc-
ity direction, the position of the binary members on the
orbit given by a parameter ψ, impact parameter at infin-
ity z, as well as the perturber velocity Vp in the binary
CM frame. For our simulations Mb1 =Mb2 =Mp =M⊙
are assumed. Initial a and e values are drawn from the
distribution given in Ref. [40]. Cluster frame binary and
perturber velocities are given random directions and their
magnitude is drawn from a flat distribution ranging from
vp = 0 to vp = v
cl
th for perturbers and vb = 0 and
vb = v
cl
th/
√
2 for binaries. Here the factor of
√
2 takes
into account that binaries are twice as heavy. The per-
turber velocity in the binary CM frame is subsequently
obtained by a Galilean transformation. Finally, the accu-
racy of individual scattering calculations is confirmed by
surveilling energy and angular momentum conservation.
An example scattering event: In Fig.3 and Fig.4 one
scattering event may be observed. This not atypical scat-
tering event on a hard and very eccentric binary illus-
trates the complexity of such scatterings. Several times
the binary changes partner, binary a and e are constantly
modified, until ultimately one PBH escapes to infinity,
leaving a binary which is even harder, in agreement with
the Heggie-Hills conjecture [53, 54]. However, though the
binary is harder, it’s eccentricity has changed away from
e ≈ 1, implying that tgw has increased from an initial
4.48× 10−2Gyr to tgw = 5.0× 1010Gyr.
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FIG. 3. An example of a scattering event. Shown are the
distances between the three PBHs participating in the scat-
tering event, R12 (pink), the initial binary, R13 (green), dis-
tance between one member of the binary and the perturber,
and R23 (yellow), distance between the other member and
the perturber. Initial binary properties: a = 8.1 × 10−5pc,
e = 0.999969, tgw = 4.48× 10
−2Gyr. Final binary properties:
a = 7.59×10−5pc, e = 0.90, tgw = 5.0×10
10Gyr. The impact
parameter is z = 7.1× 10−5pc.
Cluster changes due to three-body interactions: As Ta-
ble 1 shows, collisions do often result in the destruction
of the binary. It is seen that essentially all PBHs stay
in the cluster after binary destruction. We note here
that our criteria for ejection from the cluster is that the
post-scattering velocity is larger than the escape veloc-
ity, assumed to be vclesc = 2v
cl
th [52]. The internal energy
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FIG. 4. The orbits of the scattering event shown in Fig.3, in
a particular plane in the initial binary CM frame. It is seen
that the interaction is very complex.
of a binary is given by Eb = −GMb1Mb2/2a. As a bi-
nary gets destroyed, the cluster kinetic energies of the
PBHs are reduced by this amount. This reduction of to-
tal cluster kinetic energy will lead to the shrinking of the
cluster. Hard binaries get harder during scatterings, i.e.
a reduces. In this case, the kinetic energies of perturber
and binary are substantially larger after the three-body
interaction leading to an expansion of the cluster. It is
likely that the first effect dominates, due to the larger
number of wide binaries. The probable shrinking of clus-
ters is not taken into account in our study.
The evolution of dPt(t)/dt: In our understanding of
hierarchical structure formation smaller virialized objects
will with time be incorporated in ever larger virialized
objects. One may wonder, however, why the suppression
of dPt(t)/dt is fairly similar for all cluster sizes. One
may have expected less evolution in larger clusters as
their densities are low. However, this effect is almost
canceled by the longer evaporation time of large clusters.
The number of collisons over a given time interval ∆t is
∆Nsc = piz
2vclncl∆t (A5)
where z is impact parameter. Treating only the Nsc most
important events for each cluster, one may show with the
help of the equations above that
ztypical(Ncl) ∝ ln
1/2Ncl
N
1/6
cl
(A6)
is almost independent of Ncl, with the rhs of Eq. A6 be-
ing 1.03,1.00, and 0.81 for Ncl = 10, Ncl = 100, and
Ncl = 1300, respectively. In this way binaries receive
major perturbations in three different environments, over
strongly increasing time intervals and in strongly decreas-
ing densities. We note here that for the initial conditions
of the Ncl = 100, and Ncl = 1300 simulations, strictly
speaking we should not use the results of Ref. [40, 46],
but rather the distribution of a and e obtained from pro-
cessing in the smaller cluster of the previous generation.
Our simulations are currently not sophisticated enough
to do so.
The Monte-Carlo simulations leading to Fig.2: For the
production of Fig. 2 simulations with Ncl = 10, 100 and
1300 have been performed. Here the Ncl = 10 and 100
simulations consider the 10 most important scattering
events, whereas the simulation of Ncl = 1300 clusters,
treat the 〈Nsc〉 = 30 most important events. In the lat-
ter we had to switch to a larger 〈Nsc〉 since otherwise
spurious effects of Poisson statistics would arise. Given
the long lifetime of such clusters, and the fact that we
use Poisson statistics for the time when an event oc-
curs, the probability to have not undergone any scat-
tering before t is given by exp(−〈Nsc〉t/t0) which can be
considerable at t ∼ 3− 5Gyr for low 〈Nsc〉, compared to
the tail we want to compute. Each scattering event was
limited to five minutes of CPU time, and abandoned if
taking longer. Thus around 15% of the to-be-evolved
binaries were abandoned. These cases, typically very
hard binaries, would subsequently be re-simulated with
Nsc = 4 and fifteen minutes of CPU time limit. Here
the reduction in Nsc helps as it reduces z, and since for
small a/z simulations become very difficult. After this
second round of integration 0.8%, 0.4%, and 0.05% for
Ncl = 10, 100, and 1300 clusters, respectively, had to be
abandoned. These abandoned runs are included in the
figure with their initial values. All of those abandoned
runs were very hard binaries a ∼ 10−5pc at eccentricities
very close to unity, with tgw substantially smaller than
the present cosmic time.
The direct PBH merger rate: Single PBHs may coa-
lesce by emission of gravitational radiation during close
encounters. The fraction of PBHs which merge in this
way over a time interval ∆t is given by
fdirect =
∆npbh
npbh
=
1
2
σcaptvclncl∆t (A7)
where
σcapt = 2pi
(
85pi
6
√
2
)2/7
G2(M1+M2)
10/7(M1M2)
2/7v−18/7
(A8)
is the capture cross section [57]. Here G is the gravita-
tional constant, M1, M2 are the two BH masses, v their
relative velocity, and the speed of light is chosen to be
unity. The direct capture rate may be estimated via
M =
(
fdirect
∆t
)(
Ωavgpbh(Mpbh)
Mpbh
)
(A9)
where Ωavgpbh(Mpbh) is the cosmic average PBH density in
PBHs of mass Mpbh.
7The tentative estimate of the merger rate of ∼ 30M⊙
PBHs: We deliberately keep this estimate simplistic due
to uncertainties of the initial distribution, which will
not be any longer given by that of Ref. [40], since per
∼ 30M⊙ mass black hole there are ∼ 3000 M⊙ PBHs
(for an assumed dark matter mass fraction of ∼ 30M⊙
of f30 = 10
−2). However, we assume as with ∼M⊙ mass
PBHs, that the contribution of the initially formed bi-
naries to the present day merger rate is negligible. This
assumption will have to be verified in a future study. In
virial equilibrium, the typical kinetic energiesEk of heavy
and light PBHs are the same, such that vcl(30M⊙) =
v30 ≃ vcl(1M⊙)/
√
30. This leads to the sinking of heavy
PBHs to the center of the cluster. Adopting a simple
top hat (i.e. constant density) model for the ∼ M⊙
PBHs, the gravitational potential at radii r < rcl may
be approximated by Vp ≃ −(GMcl/rcl)(r/rcl)2. As-
suming virial equilibrium, i.e. Ek ≃ −Vp/2, we may
compute the virial radius for the heavy PBHs to be
rvir30 ≃ rcl(v30/vcl) ≃ rcl/
√
30. That implies, their num-
ber density is increased by a factor of
√
30
3
. Given this,
one may compute the ratio of light to heavy PBH number
densities at the center to be ∼ 0.05, larger then the cos-
mic average of ∼ 3× 10−4. This estimate of the density
of the ∼ 30M⊙ density, together with the direct merger
cross section, may be utilized to compute a present day
merger rate of
M30M⊙ ∼ 150
1
Gpc3yr
(
Ncl
1300
)−137/84
, (A10)
coming very close to that observed. However, it is im-
portant to note that a typical cluster of Ncl = 1300
does not even include a single ∼ 30M⊙ PBH, due to
the rarity of massive PBHs. Requiring that the aver-
age number of massive PBHs in a cluster is two, a clus-
ter has to be of size Ncl = 6000 implying a rate of
M30M⊙ ∼ 12Gpc−3yr−1.
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